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PERIODIC MEASURES ARE DENSE IN INVARIANT
MEASURES FOR RESIDUALLY FINITE AMENABLE GROUP
ACTIONS WITH SPECIFICATION
XIANKUN REN
Abstract We prove that for actions of a discrete countable residually finite
amenable group on a compact metric space with specification property, periodic
measures are dense in the set of invariant measures. We also prove that some cer-
tain expansive actions of a countable discrete group by automorphisms of compact
abelian groups have specification property.
1. Introduction
Let G be a discrete countable residually finite amenable group acting on a
compact metric space X. Denote by M(X,G) the set of G-invariant measures and
Me(X,G) the set of ergodic G−invariant measures. For a point x ∈ X, we call x
a periodic point if |orb(x)| < ∞. Denote the periodic measure µx as a probability
measure with mass |orb(x)|−1 at each point of orb(x) and we denote MP (X) the
set of all such periodic measures by MP (X).
For G = Z the theory of such dynamical system is well studied. For example
in [14], Sigmund proved the periodic measures are dense in invariant measures for
Axiom A-diffeomorphisms. In [7], Hirayama proved that the measures supported
by hyperbolic periodic points are dense in invariant measures for mixing C1+α
diffeomorphisms. In [9], Liang, Liu and Sun proved that each invariant measure
in a non-uniformly hyperbolic system can be approximated by atomic measures on
hyperbolic periodic orbits.
Throughout this paper, G will be a infinite discrete countable residually finite
amenable group acting on a compact metric space X with metric ρ. We will recall
some definitions and terminology in the next section.
Our main results are as follows.
Theorem 1.1. Let G be a discrete countable residually finite amenable group acting
on a compact metric space X with specification property. Then MP (X,G) is dense
in M(X,G) in the weak∗ topology. Moreover Me(X,G) is residual in M(X,G).
Theorem 1.2. Let Γ be a countable discrete group and f an element of ZΓ invert-
ible in l1(Γ,R). Then the action of Γ on Xf has specification property.
Key words and phrases. Residually finite amenable group action, periodic measure, specification
property.
2010 Mathematics Subjects Classification. Primary 37B40, 37A35, 22D25.
1
2 REN
2. Preliminary
In this section we will set up some notions and basic facts about amenable
group and residually finite group. Also we will give the definition of specification.
2.1. Amenable group. A countable groupG is amenable if there exists a sequence
of finite subsets {Fn}n∈N satisfying
lim
n→∞
|Fn△KFn|
|Fn|
= 0, ∀K ∈ F(G),
where F(G) is the collection of all finite subsets of G. Such sequences are said
Følner sequences.
The quasi tiling theory is a useful tool for amenable group actions which is set
up by Ornstein and Weiss in [12]. Subsets A1, A2, · · · , Ak ∈ F(G) are ε-disjoint if
there exists {B1, B2, · · · , Bk} ⊂ F(G) such that
(1)Bi ⊂ Ai i = 1, 2, · · · , k,
(2) |Bi||Ai| > 1− ε i = 1, 2, · · · , k.
For α ∈ (0, 1], we say {A1, A2, · · · , Ak} α-covers A ∈ F(G) if
A ∩ (
⋃k
i=1Ai)
|A|
≥ α.
We say that {A1, A2, · · · , Ak} ⊂ F(G) ε−quasi-tile A ∈ F(G) if there exists
{C1, C2, · · · , Ck} ⊂ F(G) satisfying
(1)AiCi ⊂ A and {Aic|c ∈ Ci} forms an ε−disjoint family for i = 1, 2, · · · , k,
(2)AiCi ∩ AjCj 6= ∅ 1 ≤ i 6= j ≤ k,
(3){AiCi : i = 1, 2, · · ·k} forms a (1 − ε)−cover of A. The subsets C1, C2, · · · , Ck
are called the tiling centers.
The following proposition is [15, Theorem 2.6].
Proposition 2.1. Let {Fn}n∈N with {eG} ∈ F1 ⊂ F2 ⊂ and {F ′n}n∈N be two
Følner sequences of G. Then for any ε ∈ (0, 14 ) and N ∈ N there exists inte-
gers n1, n2, · · · , nk with nk > nk−1 > · · · > n1 > N such that Fn1 , Fn2 , · · · , Fnk
ε−quasi-tile F ′m when m is large enough.
We will change Proposition 2.1 a little bit for our use. This is a light re-
formulation of [8, Proposition 2.3]. We describe these changes briefly, using the
same notation and terminology in [8]. Fix ε ∈ (0, 14 ), N ∈ N and k, δ are as in [8,
Proposition 2.3]. Choose n1, n2, · · · , nk such that Fni+1 is (FniF
−1
ni
, δ)−invariant
and
|Fni |
|Fni+1 |
< δ, i = 1, 2, · · · , k − 1. Then there is some gi ∈ G, satisfying
Fnigi ⊂ Fni+1 . Denote by hi = gigi+1 . . . gk−1, for i = 1, 2 · · · , k − 1 and
hk = eG, then Fn1h1 ⊂ Fn2h2 ⊂ · · · ⊂ Fnk . Pich g ∈ G such that eG ∈ Fn1h1g. De-
note by F˜ni = Fnihig. Then eG ∈ F˜n1 ⊂ F˜n2 ⊂ · · · F˜nk . From proposition 2.3 in [8],
we know F ′m can be ε−quasi tiled by F˜n1 , F˜n2 , · · · F˜nk when m is sufficiently large.
Since F˜ni is just a translation of Fni for i = 1, 2, · · · , k, so F
′
m can be ε−quasi-tiled
by Fn1 , Fn2 , · · · , Fnk . Hence we get the next proposition.
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Proposition 2.2. Let {Fn}n∈N and {F ′n}n∈N be two Følner sequences of G. Then
for any ε ∈ (0, 14 ) and N ∈ N there exists integers n1, n2, · · · , nk with nk > nk−1 >
· · · > n1 > N such that Fn1 , Fn2 , · · · , Fnk ε−quasi-tile F
′
m when m is large enough.
For our proof, we also need the Mean Ergodic Theorem for amenable group
actions . Readers may refer [10, Theorem 1.1].
Lemma 2.3 (Mean Ergodic Theorem). Let G be an amenable group acting on a
measure space (X,B, µ) by measure preserving transformation, and let {Fn}n∈N be
a Følner sequence. Then for any f ∈ L1(µ), there is a G-invariant f ∈ L1(µ) such
that
lim
n→∞
1
|Fn|
∑
g∈Fn
f(gx) = f(x) in L1.
Moreover
∫
f(x)dµ =
∫
f(x)dµ. In particular, if the G-action is ergodic,
lim
n→∞
1
|Fn|
∑
g∈Fn
f(gx) =
∫
f(x)dµ(x) in L1.
For more information about ergodic theorem, readers may refer [11] or [6,
Chapter 8].
2.2. Residually finite group. A group is residually finite if the intersection of all
its normal subgroups of finite index is trivial. Examples of groups that are residually
finite are finite groups, free groups, finitely generated nilpotent groups, polycyclic-
by-finite groups, finitely generated linear groups, and fundamental groups of 3-
manifolds. For more information about residually finite groups readers can refer [3,
Chapter 2].
Let (Gn, n ≥ 1) be a sequence of finite index normal subgroups in G. We say
lim
n→∞
Gn = {eG}
if we can find, for any K ∈ F(G), an N > 1 with Gn ∩ (K−1K) = {eG} for every
n ≥ N. Clearly such sequence exists if G is countable and residually finite.
If G′ ⊂ G is a subgroup with finite index, and Q ⊂ G is a fundamental domain
of the right coset space G/G′, i.e. a finite subset such that {sQ | s ∈ G′} is a
partition of G.
The following proposition is [5, Corollary 5.6] and we will use it to control the
periodic orbits we get.
Proposition 2.4. Let G be a countable discrete residually finite amenable group
and let (Gn, n ≥ 1) be a sequence of finite index normal subgroup with limn→∞Gn =
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{eG}. Then there exists a Følner sequence (Qn, n ≥ 1) such that Qn is a funda-
mental domain of G/Gn for every n ≥ 1.
2.3. Specification. Specification is an orbit tracing property which is very useful
in finding periodic orbits. In [1], Bowen was the first to state this notion and Ruelle
investigated the extension of this notion to Zd-action in [13]. Chung and Li again
generalized the property to general group actions in [4].
Let α be a continuous G−action on a compact metric space X with metric ρ.
The action has specification property if there exist, for every ε > 0, a nonempty
finite subset F = F (ε) of G with the following property :
for any finite collection of finite subsets F1, F2, · · · , Fm of G satisfying
FFi ∩ Fj = ∅ 1 ≤ i 6= j ≤ m (1)
and for any subgroup G′ of G with
FFi ∩ Fj(G
′ \ {eG}) = ∅ for 1 ≤ i, j ≤ m. (2)
Then for any collection of points x1, x2, . . . , xm ∈ X there is a point y ∈ X satisfy-
ing
ρ(sxi, sy) ≤ ε for all s ∈ Fi, 1 ≤ i ≤ m (3)
and sy = y for all s ∈ G′.
3. Proof of Theorem
Let (Gn, n ≥ 1) be a sequence of finite index normal subgroup with lim
n→∞
Gn =
{eG} and a Følner sequence (Qn, n ≥ 1) such that Qn is a fundamental domain of
G/Gn as described in Proposition 2.4.
Let ν ∈ M(X,G), ε > 0 and W a finite subset of C(X). Uniformly continuity
of the elements of W implies that there is δ ∈ (0, ε) such that |ξ(x)− ξ(y)| < ε8 for
all x, y ∈ X with d(x, y) < δ for all ξ ∈ W.
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Define
Q(G) = {x ∈ X : lim
n→∞
1
|Qn|
∑
g∈Qn
ξ(gx) exists for all ξ ∈ C(X)}
We call Q(G) the basin of ν. By Birkhorff Ergodic theorem, ν(Q(G)) = 1.
Denote by ξ∗(x) the limit for each x ∈ Q(G).
Moreover, ∫
Q(G)
ξ∗(x)dν =
∫
Q(G)
ξ(x)dν.
Next we will construct a finite partition as following:
Set D = max
ξ∈W
‖ξ‖∞
For j = 1, 2, · · · , [ 16D
ε
] + 1 define
Qj(ξ) = {x ∈ Q(G)| −D +
j − 1
8
ε ≤ ξ∗(x) < −D +
j
8
ε}.
Since W is finite
η :=
∨
ξ∈W
{Q1(ξ), · · · , Q[ 8D
ε
]+1(ξ)}
is a finite partition of Q(G), where α∨β = {Ai ∩Bj |Ai ∈ α,Bj ∈ β} for partitions
α = {Ai} and β = {Bj}
Next we will construct F1, F2, · · · , Ft and Gm satisfying (1) and (2) in speci-
fication property. The idea is from [16] but some little modifications. Suppose η =
{A1, A2, · · · , Al}. Let ai = ν(Ai) for i = 1, 2, · · · , l and a = min {ai : i = 1, 2, · · · , l}.
By Egorov’s Theorem, there exist a Borel subset X ′ ⊂ X with ν(X ′) > 1− 14a and
1
|Qn|
∑
g∈Qn
ξ(gx) converges to ξ∗(x) uniformly on X ′.
Take 0 < γ < min { δ16l ,
δ
8D|F | ,
1
2 ,
δ
16Dl} and F = F (γ) as in the specification
property. Take N1 ∈ N such that for ∀ x ∈ X ′, |
1
|Qn|
∑
g∈Qn
ξ(gx)−ξ∗(x)| < 18ε, for all
n ≥ N1. Take N2 > N1 large enough s.t.
|gQn△Qn|
|Qn|
< γ4|F |2l for all g ∈ F, n ≥ N2.
By Proposition 2.2 there exist nk > nk−1 > · · · > n1 > N2 and N3 ∈ N s.t. Qm
can be γ4|F |2l−quasi-tile by Qn1 , Qn2 , · · · , Qnk when m > N3. Also N3 will be large
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enough such that the family of all the translations
F = {Qnjcj : 1 ≤ i ≤ k, cj ∈ Cj}
can be partitioned into l subfamilies F〉, 1 ≤ i ≤ l satisfying
|
|Fi|
|Qm|
− ai| <
γ
l
where
⋃
Fi =
⋃
Qnj cj∈Fi
{Fnjcj}.Moreover the elements in F are pairwise
γ
4|F |2l−disjoint.
We can choose {T˜nj(cj)cj ⊂ Qnjcj ∈ F} are pairwise disjoint and
|T˜nj (cj)|
|Fnj |
>
1− γ4|F |2l . Denote
Tnj (cj) = {s ∈ T˜nj (cj)|Fs ⊂ Qnj}
and
Snj (cj) = Tnj (cj) ∩ FTnj(cj).
By the definition, we know
|Qnj \Tnj (cj)|
|Qnj |
< γ2|F | and
|Qnj \Snj (cj)|
|Qnj |
< γ. Denote
F˜ = {Snj (cj)cj |Snj (cj)cj ⊂ Qnjcj ∈ F˜} and F˜i = {Snj (cj)cj |Qnjcj ∈ Fi}
Claim: {Snj (cj)cj |Snj (cj)cj ∈ F˜} and Gm satisfy the conditions in specification
property.
For different Snj1 (cj1)cj1 and Snj2 (cj2)cj2 we have
(Snj1 (cj1)cj1∩FSnj2 (cj2)cj2) ⊂ (Snj1 (cj1)cj1∩Tnj2 (cj2)cj2 ) ⊂ (T˜nj1 (cj1)cj1∩T˜nj2 (cj2)cj2 ) = ∅
By Proposition 2.4, we know
G =
⊔
g∈Qn
gGn (4)
=
⊔
g∈Qn
(g
⊔
g(Gn \ {eG})) (5)
For different Snj1 (cj1)cj1 and Snj2 (cj2)cj2 , since FSnj1 (cj1)cj1∩Snj2 (cj2)cj2 = ∅, by
(4), FSnj1 (cj1)cj1 ∩Snj2 (cj2)cj2Gm = ∅; for the same Snj1 (cj1)cj1 and Snj2 (cj2 )cj2 ,
by (5), we get FSnj1 (cj1)cj1 ∩Snj2 (cj2)cj2(Gm \{eG}) = ∅. We get that {Snj(cj)cj}
and Gm satisfy the conditions (1) and (2) in the specification property.
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Next we will construct the periodic measure.
For Snj (cj)cj ∈ F˜i, pick some x related to Snj (cj)cj denoted by xj(cj) satisfy-
ing xj(cj) ∈ c
−1
j Aj ∩X
′. Using the specification property, there is some y such that
ρ(gxj(cj), gy) < γ < δ, ∀g ∈ Snj (cj)cj . Denote
µy =
1
|F˜ |
(
l∑
i=1
∑
Snj (cj)cj∈∪F˜i
∑
g∈Snj (cj)cj
δgy)
where δy is the Dirac measure on y.
Claim: |
∫
ξdν −
∫
ξdµy| < ε, for all ξ ∈W
|
∫
ξdν −
∫
ξdµy | = |
∫
ξ∗(x)dν −
∫
ξ(x)dµy |
= |
∫
ξ∗(x)dν −
1
| ∪ F˜|
l∑
i=1
∑
Snj (cj)cj∈F˜i
∑
g∈Snj (cj)cj
ξ(gy)|
≤ |
∫
ξ∗(x)dν −
1
| ∪ F˜|
l∑
i=1
∑
Snj (cj)cj∈F˜i
∑
g∈Snj (cj)cj
ξ(gxnj (cj))|+
ε
8
≤ |
∫
ξ∗(x)dν −
l∑
i=1
∑
Snj (cj)cj∈F˜i
|Snj (cj)|
| ∪ F˜|
1
|Snj (cj)|
∑
g∈Snj (cj)cj
ξ(gxj(cj))|+
ε
8
(6)
Pick xi ∈ Ai ∩X∗, then |ξ∗(x)− ξ∗(xi)| <
ε
8 for all x ∈ Ai by the construction
of η. Then
|
1
|Qnj |
∑
g∈Qnj
ξ(gcjxj(cj))−
1
|Qnj |
∑
g∈Qnj
ξ(gxi)| ≤ |ξ
∗(cjxj(cj))− ξ
∗(xi)|+
ε
4
≤
3
8
ε (7)
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Also
|
1
|Snj (cj)|
∑
g∈Snj
ξ(gcjxj(cj))−
1
|Qnj |
∑
g∈Qnj
ξ(gcjxj(cj))|
≤ |
1
|Snj (cj)|
∑
g∈Snj (cj)
ξ(gcjxj(cj))−
1
|Snj (cj)|
∑
g∈Qnj
ξ(gcjxj(cj))|
+ |
1
|Snj (cj)|
∑
g∈Qnj
ξ(gcjxj(cj))−
1
|Qnj |
∑
g∈Qnj
ξ(gcjxj(cj))|
≤
1
|Snj (cj)|
D|Qnj \ Snj (cj)|+
|Qnj |D
|Snj (cj)||Qnj |
(|Qnj | − |Snj (cj)|)
≤
2Dγ
1− γ
≤
1
4
ε (8)
Taking (7) and (8) into (6), we have,
|
∫
ξdν −
∫
ξdµy | ≤ |
∫
ξ∗dν −
l∑
i=1
∑
Snj cj∈F˜i
|Snj (cj)|
| ∪ F˜|
1
|Qnj |
∑
g∈Qnj
ξ(gcjxj(cj))|+
3
8
ε
≤ |
∫
ξ∗(x)dν −
l∑
i=1
∑
Snj (cj)cj∈F˜i
|Snj (cj)|
| ∪
˜˜
F |
ξ∗(cjxj(cj))|+
1
2
ε
≤ |
∫
ξ∗(x)dν −
l∑
i=1
aiξ
∗(xi)|+
3
4
ε
≤ |
l∑
i=1
∫
Ai
ξ∗(x)− ξ∗(xi)dν|+
7
8
ε
≤ ε (9)
For the moreover part, we just need the following claim.
Claim: Suppose (K, ρ) is a convex compact metric set and denote the set of extreme
points of K by ext(K). Then ext(K) is a Gδ subset of K.
Let
Kn = {x ∈ K : there exist y, z ∈ K such that x =
1
2
(y + z) and d(y, z) ≥
1
n
}.
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Obviously, Kn is closed. Let K0 =
⋃
n≥1
Kn and K0 is a Fσ subset. It is easy to
check
x /∈ ext(K)⇔ x ∈ K0.
As a result, ext(K) = K \ K0 is a Gδ subset of K. We know that Me(X,G) is
the set of extreme points of M(X,G). So by the claim, Me(X,G) is a Gδ set.
Combined with periodic measure is ergodic, we get the moreover part.
So we prove the Theorem 1.1. 
4. Proof of Theorem 1.2
For a countable group Γ and an element f =
∑
fss in the integral group ring
ZΓ, consider the quotient ZΓ/ZΓf of ZΓ by the left ideal ZΓf generated by f. It
is a discrete abelian group with a left Γ-action by multiplication. The Pontryagin
dual
Xf = ̂ZΓ/ZΓf
is a compact abelian group with a left action of Γ by continuous group antomor-
phisms and we denote by ρ the compliable metric on Xf . Denote X = (R/Z)
Γ. The
left and right actions l and r on X are defined by
(lsx)t = xs−1t and (r
sx)t = xts
for every s, t ∈ Γ and x ∈ X. We can extend those actions of Γ to commuting
actions l and r of ZΓ on X by setting
lfx =
∑
s∈Γ
fsl
sx and rfx =
∑
s∈Γ
fsr
sx.
It is easy to check Xf = {x ∈ X | rfx = xr∗ = 0}, where f∗ =
∑
fss
−1. Denote by
αf = l|Xf ,
the restriction to Xf of the Γ-action l on X.
From in[5, Theorem 3.2] , the action αf is expansive if and only if f
is invertible in l1(Γ). Denote by P the canonical map l∞(Γ,R) → X. Let ξ =
P ◦ rf−1 : L
∞(Γ,Z) → Xf . By in [5, Proposition 4.2], ξ is a surjective group
homomorphism.
The following lemma is in [5, Lemma 4.5]
Lemma 4.1. For every x ∈ Xf there exists an element v ∈ l
∞(Γ,Z) with ξ(v) = x
and ‖v‖∞ ≤
‖f‖1
2 .
Proof. The proof is really easy. We choose w ∈ P−1(Xf ) ⊂ l∞(Γ,R) with P (w) = x
and − 12 ≤ ws <
1
2 for every s ∈ Γ. Then v = rf (v) is what we need. 
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Denote by W = {eΓ} ∪ support(f∗) = ({eΓ} ∪ support(f))−1. Let ε > 0.
Then we can fine a nonempty finite subset W1 of Γ and ε1 ∈ (0, ‖f‖
−1
1 ) such
that x, y ∈ Xf satisfy maxs∈W1 |xs − ys| ≤ 2ε1, then ρ(x, y) ≤ ε. Take a finite
subset W2 of Γ containing eΓ satisfying
∑
s∈Γ\W−1
2
‖(f∗)−1‖1 <
ε1
2‖f‖1
. Denote by
F˜ =W1W2(W1W2)
−1.
For any finite collection of finite subsets F1, F2, · · · , Fm of Γ satisfying F˜Fi ∩
Fj = ∅, 1 ≤ i 6= j ≤ m and any collection of points x1, x2, . . . , xm. By Lemma 4.1,
pick v1, v2, . . . , vm ∈ l∞(Γ,Z) with ‖ vi ‖∞≤
‖f‖1
2 and ξ(v
i) = xi for i = 1, 2, . . . ,m.
Let v ∈ l∞(Γ,Z) be a point with ‖ v ‖∞≤
‖f‖1
2 and vs = v
i
s for s ∈ F
−1
i W1W2. v
is well defined since F−1i W1W2 ∩ F
−1
j W1W2 = ∅ for 1 ≤ i 6= j ≤ m.
Let
w˜s =
{
(f−1)s s ∈ W2
0 otherwise.
Claim1: y = ξ(v) satisfies ρ(sxi, sy) < ε ∀s ∈ Fi, i = 1, 2, . . . ,m.
By the choice of W1, we just need to show |(sxi)t− (sy)t| < 2ε1 ∀s ∈ Fi and t ∈ W1
i.e. |xis − ys| < 2ε1 for all s ∈ F
−1
i W1.
For any s ∈ F−1i W1,
|xis − ys| = |P ◦ rf−1(v
i)s − P ◦ rf−1(v)s|
= |P ◦ rf−1(v
i)s − P ◦ rw˜(v
i)s + P ◦ rw˜(v
i)s − P ◦ rw˜(v)s
+ P ◦ rw˜(v)s − P ◦ rf−1(v
i)s|.
For s ∈ F−1i W1, we get the following calculations,
|rf−1(v
i)s − rw˜(v
i)s| = |
∑
t∈Γ
f−1t v
i
st − w˜tv
i
st|
≤ |
∑
t∈W2
f−1t v
i
st − w˜tv
i
st|+ |
∑
t∈Γ\W2
ftv
i
st − w˜tv
i
st|
≤
ε1
2‖f‖1
·
‖f‖1
2
=
ε1
4
(10)
and
|rw˜(v
i)s − rw˜(v)s| = |
∑
t∈Γ
w˜t(v
i)st − w˜tvst|
= |
∑
t∈W2
w˜t(v
i)st − w˜tvst| = 0 (11)
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and
|rw˜(v)s − rf−1(v)s| = |
∑
t∈Γ
w˜tvst − f
−1
t vst|
≤ |
∑
t∈W2
w˜tvst − f
−1
t vst|+ |
∑
t∈Γ\W2
w˜tvst − f
−1
t vst|
≤ |
∑
t∈Γ\W2
f−1t vst|
≤
ε1
4
(12)
By (10)–(12), we get
ρ(sxi, sy) < ε for all s ∈ Fi, i = 1, 2, . . . ,m.
The following lemma is a version [2, Lemma 1], also appeared in the proof of
Lemma 6.2 in [4].
Lemma 4.2. Let α be an expansive continuous action of Γ on a compact metric
space (X, ρ). Let d > 0 such that if x, y ∈ X satisfy sups∈Γ ρ(sx, sy) ≤ d, then x = y.
Let x, y satisfy ρ(sx, sy) ≤ d for all but finite many s ∈ Γ. Then ρ(sx, sy) → 0 as
Γ ∋ s→∞.
Denote ∆(Xf ) = {x ∈ Xf |ρ(sx, seXf )→ 0 as Γ ∋ s→∞}.
Claim2: Let d be the the expansive coefficient of (Xf , αf ) i.e. for x, y ∈ Xf with
ρ(sx, sy) ≤ d for all s ∈ Γ implies x = y. For any ε ∈ (0, d) and F˜ (ε) = F˜ as in
Claim1. Then for any finite subset F1 of Γ and x ∈ Xf , there exists y ∈ ∆(Xf ) s.t.
maxs∈F1 ρ(sx, sy) ≤ ε and sups∈Γ\F˜F1 ρ(eXf , sy) ≤ ε.
To prove the above claim, we may assume F˜ = F˜−1 otherwise we can replace
F˜ by F˜ ∪ F˜−1. Let F1 be a finite subset of Γ and x ∈ Xf . For each finite set
F2 ⊂ Γ \ F˜F1. From claim1, we can find yF2 ∈ Xf such that ρ(sx, syF2) ≤ ε for all
s ∈ F1 and ρ(seXf , syF2) ≤ ε for all s ∈ F2. Note that the collection of the finite
subsets of Γ \ F˜F1 has a partial order. Take a limit point y ∈ Xf of {yF2}F2 . Then
ρ(sx, sy) ≤ ε for all s ∈ F1 and ρ(seXf , sy) ≤ ε for all Γ \ FF1. By Lemma 4.2, we
know y ∈ ∆(Xf ). 
Take some δ > 0 satisfying ρ(x, y) < δ implies |xeΓ−yeΓ | < ε1, for all x, y ∈ Xf .
Take W3 = W3(δ) as described in Claim2, such that for any finite subsets F1 of
Γ and x ∈ Xf there exists y ∈ ∆(Xf ) with ρ(sx, sy) < δ for all s ∈ F1 and
ρ(sy, eXf ) < δ for all s ∈ Γ \W3F1 which implies |xs− ys| < ε1 for all s ∈ F
−1
1 and
|ys| < ε1 for all s ∈ Γ \ (W3F1)−1 by the choice of δ.
Take F =W1W2W
−1
3 W (W1W2W
−1
3 W )
−1.
For any finite collection of finite subsets F1, F2, . . . , Fm of Γ, and subgroup Γ
′
satisfy Condition 4 and 5. By the form of F, we will rewrite the conditions as
F−1i W1W2W
−1
3 W ∩ F
−1
i W1W2W
−1
3 W = ∅ 1 ≤ i 6= j ≤ m, (13)
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and
FiW1W2W
−1
3 W ∩ (Γ
′{eΓ})F
−1
j W1W2W
−1
3 W = ∅ 1 ≤ i, j ≤ m. (14)
For any collection of points x1, x2, . . . , xm in Xf , we can pick y
1, y2, . . . , ym ∈
∆(Xf ) with
max
s∈(W1W2)−1Fi
ρ(sxi, syi) ≤ δ and sup
s∈Γ\(W3(W1W2)−1Fi)
ρ(syi, eXf ) ≤ δ
which implies
max
s∈F−1
i
W1W2
|xis − y
i
s| ≤ ε1 and sup
s∈Γ\(F−1i W1W2W
−1
3
)
|yis| ≤ ε1 (15)
for i = 1, 2, . . . ,m. Take y˜i ∈ [− 12 ,
1
2 ]
Γ and x˜i ∈ [−1, 1]Γ with P (y˜i) = yi and
P (x˜i) = xi respectively such that
|x˜is − y˜
i
s| ≤ ε1 ∀s ∈ F
−1
i W1W2 and |y˜
i
s| ≤ ε1 ∀s ∈ Γ \ (F
−1
i W1W2W
−1
3 ).
For any s ∈ Γ \ (F−1i W1W2W
−1
3 W ), one has
|(rf y˜
i)s| = |
∑
t∈Γ
fty˜st| = |
∑
t∈W−1
fty˜st| ≤ ‖f‖1 sup
s∈Γ\(W1W2W
−1
3
)
|y˜i| < ‖f‖1 · ε1 < 1.
We note that rf y˜
i ∈ l∞(Γ,Z), thus support(rf y˜i) ⊂ F
−1
i W1W2W
−1
3 W. By (13) and
(14), we get the elements srf y˜
i in l∞(Γ,Z) for s ∈ Γ′ and 1 ≤ i ≤ m have pairwise
disjoint supports. Denote by z˜ =
∑
s∈Γ′
∑m
i=1 srf y˜
i. By the definition, one gets
z˜ ∈ l∞(Γ,Z) and
‖z˜‖∞ = max
1≤i≤m
‖rf y˜
i‖ ≤ ‖f‖1 max
1≤i≤m
‖y˜i‖∞ ≤
‖f‖1
2
.
Set y˜ = rf−1(z˜) and y = P (y˜) = ξ(z˜).
Claim3: y satisfies the conditions in specification property.
By the property of ξ, one gets y ∈ Xf . For each s ∈ Γ′, we have sz˜ = z and hence
sy = y. For x′, y′ ∈ l∞(Γ,R) satisfying ‖x′‖∞, ‖y′‖∞ ≤ ‖f‖1 and x′, y′ are equal
on sW2 for some s ∈ Γ then
|(rf−1x
′)s − (rf−1y
′)s| = |
∑
t∈Γ
(f−1t x
′
st − f
−1
t y
′
st)| = |
∑
t∈Γ\W2
(f−1t x
′
st − f
−1
t y
′
st)|
≤
ε1
2‖f‖1
· 2‖f‖1 = ε1 (16)
For any t ∈ W1 and s ∈ Fi,
|(sxi)t − (sy)t| = |x
i
s−1t − y
i
s−1t + y
i
s−1t − ys−1t|
≤ |xis−1t − y
i
s−1t|+ |y
i
s−1t − ys−1t|
≤ 2ε1, (17)
for i = 1, 2, . . . ,m and the last inequality is getting from (15) and (16).
By the choice of W1, we finish the proof. 
PERIODIC MEASURE 13
Combined by Theorem 1.1 and Theorem 1.2, we can easily get the following corol-
lary.
Corollary 4.3. Let Γ be a countable discrete residually finite amenable group and
f ∈ ZΓ invertible in l∞(Γ,R). Then for the system (Xf , αf ), MP (Xf ) is dense in
M(Xf , αf ).
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